1. Preliminaries. First of all, we propose to summarize some results about infinite abelian groups. (For details, see [1] .) We denote by / a prime number, and by Q¡ [resp. Z,] the rational Z-adic field [resp. the ring of Z-adic integers]. A discrete abelian group X is called a torsion group if every element of X has a finite order, and X is called an /-group if every element of X has a finite order which is a power of /. An element x of an abelian /-group is called divisible if there exists an element y e X with x = yl" for any power lm of /. If every element of X is divisible, X is called divisible. The union Xoe of all divisible subgroups of an abelian /-group X is also a divisible subgroup of X, which is called the maximal divisible subgroup of X. The character group charX^ of X<a becomes in an obvious way a torsion free Z, module. If char Zoe is finitely generated over Z,, we call the dimension [June of char Xoe over Z, the dimension of X, and denote it by dimZ. Let X, Xx, X2 be three abelian /-groups with finite dimensions. Then the exactness of 0^Xx->X-*X2^>0 implies (1) dim X = dim Zj + dim X2
whenever one of the following two conditions is satisfied: (i) either Xx or X2 is a finite group; (ii) Xx is divisible.
If X is a torsion abelian group, then there is a natural decomposition X = ]T, X, of X, where Xl is the /-component of X, i.e., the maximal Z-group contained in X. Under this situation, we can define the /-dimension dim,X of X by setting dim,X = dimX,.
Let K be an abelian extension over an algebraic number field £ of finite degree, and let G = G(K¡F) be the Galois group of KjF. Then G is a compact abelian group, and the character group char G of G is a discrete, countable, torsion abelian group. Furthermore, it follows from the class field theory that dim, char G is finite for any prime number / [2] , which will be called the /-dimension of KjF and will be denoted by dim, (KjF). We say that KjF is a divisible /-extension, if char G is a divisible /-group. If in general dim,(i£7£) = d, then KjF contains a subfield K' such that G(K'/F) is isomorphic to Zf. Namely, K' is the field corresponding to the maximal divisible subgroup of the /-component of char G. The field K' is uniquely determined. K'/F is divisible, and every divisible subfield of K/F is contained in K'. We shall call the field K' the maximal divisible /-subfield of K/F.
We now propose to recall some terminologies and results in the theory of complex multiplication of abelian varieties. For details we refer to [5] . Let £ be an algebraic number field of degree n = 2m which contains a totally imaginary subfield £' as a quadratic extension of a totally real field, and let {</>,} be the set of m distinct isomorphisms of £ into C. Then the pair (£;{(/>,}) is called a CMtype if, for any i, j, the restrictions of </>,, ^ to £' are not complex conjugates of each other. Let L be a normal extension over Q containing £, and let c/>, denote also a fixed prolongation of </>, to L. Set, furthermore, G(LIQ) = G, G(L/F) = H, and S = #</>! + ••• + H(j}m. Then the CM-type (£;{c/>,-}) is called primitive if yS = S (ye G), implies yeH. For a primitive CM-type, we have £ = £'. Let now H* be the group of all y e G such that Sy = S, let £* be the field corresponding to H*, and let {i/cj be the set of all distinct isomorphisms of £* into C induced by the elements of S~'. Then (£* ; {i/c¡}) is a primitive CM-type which is called the dual of (£;{</>,}). A primitive CM-type is the dual of its dual. If (£*; {i/c,}) is the dual of a CM-type (f ; {</>,}), and a [resp. o] is a number [resp. an ideal of £], then a*' [resp. a*'] is a number [resp. an ideal of £*].
Let (£;{</>,}) be a CM-type, and let A be an abelian variety belonging to the dual (F*;(i^J) of (F; {</>,-}) in the sense of the theory of complex multiplication. Let b be an integral ideal of F*, let b ■£ 0 be a natural number divisible by b, and let H(b) be the group of all ideals a prime to b of F such that there exists an element p e F* with Y[a^" = (fi), pp = Na, p = 1 (modb). i Then, the extension over F obtained by the b-section of A is the class field Kb over F corresponding to i/(b). This is a main theorem in the theory of complex multiplication of abelian varieties [5] (see also [4] ). The union \^)Kb of all Kb will be called the maximal extension obtained by complex multiplication of A. For our purpose, it is not necessary to give a precise definition of an abelian variety belonging to a CM-type, the ideal section of an abelian variety, etc. Our starting point is simply the class field Kb over the ideal group H(b).
2. Rank of a CM-type. Let (F; {</>;}) be a CM-type and (F*;(i/>(}) be its dual. If we consider an abelian variety A belonging to (F; {</>;}), we shall call rank (F;{$J) also the rank of A, and use the notation rank A The rank is an elementary, group theoretical invariant of a CM-type, and we have obviously rank(F; {ep¡}) ^ m + 1. We say that (F; {</>,}) or an abelian variety belonging to (F; {</>,}) is nondegenerate if rank(F; {</>;}) = m + 1. It follows easily from the definition that the rank of a CM-type is equal to the rank of its dual, and that a nondegenerate CM-type is primitive.
The following lemma explains a meaning of the rank of a CM-type.
Lemma 1. Notations being as above, let P(G) be the group ring of G over a principal ideal domain R. Let <J> be the operator which maps xeP(G) to x® = JlaeSxcr. Then the dimension of P(G)° over R is equal to the rank of the CM-type (F;{&}). Proof. Let L be a normal field of finite degree over Q which contains the absolute class field over F. Then, for any ideal a of L, there is an element p0eF such that NL/Fa = (po). The product p = Y\ip¡¡¡'lies in F*, and we have pp. = Na. In other words, we find a p e F* with Y\í(Nlif&) *' = 00» Pß -Na. This property deter- Let by,b2,...,bk,.-. be a sequence of natural numbers such that bk divides bk+1, and that there exists a bk = 0 (mod TV) for any natural number N. Then, there is a natural epimorphism u(bk) <-u(bk+1), and, since Kc = [J K,bk), the limit group limc'(Z>*) is isomorphic to the Galois group of KCL/L. Since F® is closed in U, we have limv(lk) = V*. According to the theory of local fields, V contains a subgroup of finite index which is isomorphic to the additive group of the group ring Zx(G) over Z, of the Galois group G of LjQ. Hence, by Lemma 1, the /-dimension of char F® is equal to rank ,4, which proves the theorem. Remark. By a similar argument used in this proof, we can also show that char lim c'(lk) has the same /-dimension as charlimf(/fc). This means that the maximal divisible /-subfield of KJF is contained in the field obtained by /-power sections of A. 4 . A special case. As was already mentioned in §2, the rank of a CM-type (£; {</>,}) is by definition not greater than m + 1 if (F:Q) = 2ni. We call the difference m+1 -rank(£;{</);}) the defect of (£;{(/>,-}). A CM-type, or an abelian
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variety belonging to it, is nondegenerate if the defect of the CM-type is 0. Whereas we can find many nondegenerate CM-types through simple calculations, it sometimes turns out a nontrivial problem to determine the rank of a given CM-type. The main aim of the remaining part of the present paper is to show that the Jacobian varieties of certain well-known curves of Fermât type are nondegenerate.
To do this, we require two lemmas.
Lemma 2. Let (F; {er)) be a CM-type such that F/Q is an abelian extension. Denote by G the Galois group of F/Q, and by peG the complex conjugation of F. Then, the defect o/(F;{fl,}) is equal to the number of characters \j/ of G satisfying £¡iK°"¡) = 0, \b(p) = -1. Therefore, it follows from 0 = Ax + A2 and A2 = 2\b(2)A that
By (3) and (4), we have
So, using (3) again, one obtains finally
This shows B # 0, which proves the lemma. Denote by J the Jacobian variety of a complete, nonsingular model of the curve y2 = 1 -xp, p = 2m + 1 being an odd prime number. Let £ be a primitive pth root of unity, and let ax,.--,om be automorphisms of F = Q(Ç) determined by C = C (i = 1, ■■■,m). Then, the abelian variety J belongs to the primitive CM-type (F;{o)), (see [5] ), and it follows immediatelly from Lemma 2 and Lemma 3 that (F;{ox}) is nondegenerate. Thus we have the following Theorem 2. Let p be an odd prime number. Then, the Jacobian variety of a complete, nonsingular model of the curve y2 = 1 -xp is nondegenerate.
Remark. Let (F; {ep¡}) be a CM-type, let Ka be the maximal abelian extension TOMIO KUBOTA over £, and Kc be the maximal extension over £ obtained by the complex multiplication of an abelian variety A belonging to the dual (£*;{i//,}) of (£;{</>,}).
Then, Theorem 1 shows dim,(KJF) g m + 1, if 2m = (F:Q). The equality holds if and only if (£;{c/>}) is nondegenerate. Now, let us consider dimt(KJF). The elements in £® Q, which are congruent to 1 mod / form a multiplicative group Ux, and Ux is regarded as a vector space over Z,, because for any u e Ux, aeZ" we can define u". The dimension of L^ in this sense is 2m. Denote by p¡ the dimension of Z,-subspace of Ux spanned by units of £ contained in Ux. Then p¡ ^ m -1 by Dirichlet's unit theorem, and it is shown in [2] that dixa¡(KJF) = 2m-p,. Therefore dim¡KJF ^ m + 1, and the equality holds if and only if p¡=m -1.
The equality p¡ = m -1 is equivalent to the assertion that the Z-adic regulator as defined in [3] is different from 0. If this is the case, the above argument shows that dim^KJF) = dim,(KJF) for a nondegenerate CM-type (£;{&}). Therefore, by (1), the maximal divisible /-subfield of KJF coincides with the maximal divisible /-subfield of KJF.
It might be of some interest to point out that an analogous situation is also found in the case of cyclotomic extensions. Let £ be a totally real field, let Ka be the maximal abelian extension over £, and let Kc be the maximal cyclotomic extension over £. Then it is easily seen that dim, (KJF) = 1 for any prime number Z, and we have dim, (.£"/£) = 1 if pl = (F:Q) -1. This means that the maximal divisible /-subfield of KJF is the same as that of KJF if p, = (F : Q) -1.
